Abstract Multicellular tumour spheroids (MCTSs) are extensively used as in-vitro system models for investigating the avascular growth phase of solid tumours. In this work, we propose a continuous growth model of heterogeneous MCTSs within a porous material, taking into account a diffusing nutrient from the surrounding material directing both the proliferation rate and the mobility of tumour cells. At the time scale of interest, the MCTS behaves as an incompressible viscous fluid expanding inside a porous medium. The cell motion and proliferation rate are modelled using a non-convective chemotactic mass flux, driving the cell expansion in the direction of the external nutrients' source. At the early stages, the growth dynamics is derived by solving the quasi-stationary problem, obtaining an initial exponential growth followed by an almost linear regime, in accordance with experimental observations. We also perform a linear-stability analysis of the quasi-static solution in order to investigate the morphological stability of the radially symmetric growth pattern. We show that mechano-biological cues, as well as geometric effects related to the size of the MCTS subdomains with respect to the diffusion length of the nutrient, can drive a morphological transition to fingered structures, thus triggering the formation of complex shapes that might promote tumour invasiveness. The results also point out the formation of a retrograde flow in MCTS close to the regions where protrusions form, that could describe the initial dynamics of metastasis detachment from the in-vivo tumour mass. In conclusion, the results of the proposed model demonstrate that the integration of mathematical tools in biological research could be crucial for better understanding the tumour's ability to invade its host environment.
Introduction
A multicellular tumour spheroid (MCTS) is an ensemble of tumour cells organized in a multi-layered structure 1,2 . In general, MCTS consists of a central core of necrotic cells, surrounded by a layer of quiescent (i.e. dormant) cells and an outer rim of proliferating cells [1] [2] [3] [4] . MCTSs are widely used in vitro to study the early stages of avascular tumour growth and to assess the efficacy of anti-cancer drugs and therapies, since their growth and structure resemble the in vivo avascular phase of solid tumour invasion. Such an early growth phase is characterized by diffusion-limited growth, since the tumour absorbs vital nutrients via diffusion from the external environment 1, 3, 5 . Thus, diffusion may become suddenly ineffective in the center of the tumour mass, forming a characteristic necrotic core (see Fig. 1-a) . At later stages, a solid a e-mail: pasquale.ciarletta@polimi.it tumour is characterized by the occurrence of angiogenesis (i.e. the process by which the tumour induces new blood vessels formation from the nearby existing vasculature), thus switching to a vascular growth phase 6, 7 . The analysis of the avascular growth phase in tumours has attracted a lot of interest in the mathematical and physical research communities, and a large number of in-silico mathematical models has been proposed 2, [8] [9] [10] [11] [12] [13] [14] [15] [16] . Thanks to the controllability and the reproducibility of the experimental setting, MCTS has become a widely used system model for the development of theoretical models. The classical approach of deterministic tumour model comprised an ordinary differential equation (ODE), derived from either mass conservation or population dynamics, coupled with at least one reaction-diffusion equation, representing the spatio-temporal distribution of vital nutrients or chemical signals inside the tumour 2, [9] [10] [11] [12] 14, 15, 17 . Only recently, many authors have extended such models including the pivotal role of mechanics in tumour growth.
In most cases, fluid-like constitutive equations have been used to model the tumour mass [18] [19] [20] [21] [22] [23] [24] [25] [26] .This choice is obviously only an approximation of the by far more complex behaviour of cellular aggregates, that also display solidlike properties related to the adhesive characteristics of cells 27 and to the mechanical properties of the single cell in the cluster. Thus, in some limiting cases, cell aggregates are better described as solids with linear or eventually nonlinear elasticity, in which compressive and shear loads are balanced by the solid stress in the body, depending on the strain of its material points [28] [29] [30] [31] [32] [33] . A solid-like constitutive equation has been advocated for its suitability of accounting for both residual stresses 29, 32, 34 and the plastic behaviour of cellular aggregates [35] [36] [37] . Even though these considerations support the idea that a cellular aggregate can behave as a solid at some extent, experimental evidences 26, 38, 39 have shown that aggregates behave as elastic solids on short timescales (of the order of a few minutes) but display a fluid-like behaviour at longer times. Furthermore, it was shown that cellular aggregates behave as a elastic solids at time scales short compared to that of cell division and apoptosis, and as a fluid (with the traceless stress that relaxes to zero) for long times 40 . Thus the description of MCTS as a liquid is widespread. Even though the existing mathematical models on both solid tumours and MCTS successfully reproduce the experimentally observed growth dynamics 2,9-12,14,15,17,41,42 , they poorly consider the mechanical and chemical interaction with the surrounding environment. Furthermore, most approaches assume that the initial spherical symmetry is preserved during the growth of the aggregate [28] [29] [30] , whilst only in few cases 11, 12, 15 the development of tumour irregular contours has been taken into account. Indeed, it is known that some solid tumours, e.g. carcinomas, grow almost spherically only in the first stages of their progression 1,3,5 , while they might show a less defined and even asymmetric outer boundary 43 (see Fig. 1-b) . Since higher irregular contours usually indicate aggressive tumours, the capability to undergo a morphological transition might promote tumour infiltration and invasion within the surrounding tissue 2, 11, 12, 15, [44] [45] [46] . Thus, it has been proposed that some measure of the irregularity of a tumour boundary (e.g. its fractal index measured via particular medical imaging techniques such as computerized tomography scans), may provide clinicians with useful information for its prognosis and treatment [44] [45] [46] , being potentially useful in predicting the efficacy of drug treatment or chemotherapy 47, 48 .
In this work we go beyond the state-of-the art in the field 2, 49, 50 by proposing a mathematical model that accounts for the presence of a surrounding porous media with a finite thickness. Thus, nutrient diffusion from the external environment creates a chemical gradient that directs both the proliferation rate and the motility of the tumour cells. MCTS is modelled as a viscous fluid with adhesive interactions at the border, expanding inside a porous material. This work is organized as follows. First, we introduce in Section 2 the mathematical model describing the expan- sion of an initially spherical tumour. In Section 3, we derive the radially-symmetric solution of the quasi-stationary problem. Then, we perform a linear stability on the quasistatic tumour growth. Finally, in Section 4, we discuss the modelling results with respect to the key chemo-mechanical and geometric parameters that govern the mathematical problems, highlighting the key mechano-biology effects that promote a morphological transition during tumour invasion.
Mathematical Model
MCTS is modelled as a three dimensional continuum growing inside a rigid porous structure, representing the surrounding environment, usually extracellular matrix (ECM) or matrigel. The outer boundary of the tumour is considered as a freely moving material interface separating the tumour cells from the surrounding medium. In particular, we account for the presence of a central region of necrotic cells, surrounded by a layer of quiescent and proliferating cells. Thus, the whole domain Ω is divided in different regions, depending on the residing cellular population (see Fig. 2 ):
-the necrotic cells are located in the central core of the spheroid, in a region called Ω N (t), with Figure 2 . Representation of the domain used for the analytical analysis. At time t = 0, the three domains ΩN , ΩT and ΩH are concentric spherical shells, with radius RN , RT and Rout, respectively. In this work, we consider that only the tumour boundary ∂ΩT evolves in time.
where R N is the radius of the necrotic core, that might evolve in time; -the proliferative and quiescent tumour cells are located in the region
where R T is the radius of the spheroid, whose evolution in time represents the growth of the MCTS; -the healthy cells fill the remaining space,
being R out the outer boundary of the whole domain.
The boundary between the necrotic core and the proliferative region is called ∂Ω N (t), whereas the moving interface between the tumour region and the healthy space is denoted with ∂Ω T (t). In the following we will consider that the interior boundary between the necrotic core and the quiescent-proliferative region does not evolve in time, since we are interested only in the evolution of the MCTS boundary, which is related to tumour infiltration inside the healthy region. Furthermore, we assume that the porous material is homogeneously distributed in the whole region Ω = Ω N ∪ Ω T (t) ∪ Ω H (t) and it is neither produced/degraded (i.e. behaves as inert matter), nor deformed (i.e. structurally rigid) by the moving tumour cells. We will consider a single nutrient species (e.g. oxygen) with volume concentration n(x, t), diffusing from the fixed outer boundary ∂Ω through the porous material. Thus, we assume that the vascular network providing the source of nutrients is outside the modelled domain, and can be represented by a boundary term at ∂Ω. The diffusion coefficient is a constant value D n everywhere, but the nutrient is only consumed, with an uptake rate γ n , in the region occupied by the proliferative and quiescent cells. Thus, the 3D homogenized concentration per unit volume of this generic chemical species, indicated with n(x, t), obeys the following reaction-diffusion equatioṅ
We remark that, in principle, the uptake rate γ n should depend on the tumour cell density, although, in the following, it will be considered homogeneous and constant over time.
The diffusing nutrient notably not only affects the growth of single individuals in the tumour but also directs cell movements, e.g. through chemotaxis 52, 53 . Therefore, we consider a non-convective mass flux term, m, taking into account both tumour proliferation and chemotactic motion, differently from the standard volumetric production rate considered in literature 2, [11] [12] [13] [14] [15] . Accordingly, the mass balance inside Ω T (t) reads
where ρ is the tumour cell density, which is approximately the same of water. Since mass transport phenomena in MCTSs are driven by the local concentration of chemicals, the mass flux vector appearing in Eq. (2) should depend on nutrient availability. A simple constitutive law for m can be taken in the form of a chemotactic term 52,54 , i.e. m = χρ∇n, where χ is the chemotactic coefficient, here considered constant. Consequently, the mass flux m describes the expansion of the tumour due to proliferation and driven by chemotaxis towards higher concentration of nutrients. Assuming that the living aggregate can be macroscopically modelled as a Newtonian fluid, Darcy's law describes its motion inside the inert, porous surrounding medium 2, 18 . Thus, the cell velocity v is related to the pressure field p through
where K p is related to the permeability of the medium, k, and the viscosity of the cellular material, µ, by
Assuming the incompressibility of the cellular spheroid, which is mostly composed by water, we impose dρ/dt = 0 in Eq. (2), so that the relation between the pressure p and the nutrient concentration n reads
which has been obtained substituting the Darcy's law (3) and the constitutive relations for m in the mass balance equation (2) . In summary, the coupling of Eq. (1) with Eq.(4), complemented by a proper set of boundary conditions (BCs), describes the macroscopic evolution of the avascular tumour inside the healthy tissue.
In particular, for the pressure we impose the Young-Laplace equation at the moving boundary ∂Ω T (t) and the null velocity of the tumour cells at the fixed boundary ∂Ω N , i.e. (6) being n N the normal at the fixed boundary ∂Ω N , C the local curvature of the free boundary ∂Ω T (t), σ b the surface tension at the moving interface and p 0 the constant pressure in the outer healthy domain. The surface tension σ b arises from the collective adhesive interaction, primarily mediated by cadherins, among tumour cells at the MCTS boundary 55 . For what concerns the chemical species, in absence of an interfacial structure, the continuity for the nutrient concentration and flux can be assumed (both in ∂Ω T (t) and in ∂Ω N ), and the concentration at the outer boundary can be assumed constant (to model the source of nutrients from the external vascular network), so that
where n is the outward normal vector at the boundary ∂Ω T and (·) | ∂Ωj denotes the jump of the quantity between brackets across the boundary ∂Ω j , with j = N, T . Finally, the compatibility condition at the free interface imposes
In the following we will work with dimensionless equations, obtained writing the system of Eqs. (1)- (4) in terms of the dimensionless chemical concentration,n, and the dimensionless pressure,p and referring to the geometry outlined in Fig. 2 . The dimensionless quantities are obtained using the following characteristic time t c , length l c , velocity v c , pressure p c and chemical concentration n c :
p , n c = n out . Finally, the resulting dimensionless systems of equations readṡ
For sake of simplicity, we will omit in the following the barred notation to denote dimensionless quantities. The nondimensionalization leads to the definition of five dimensionless parameters, classified into two broad categories:
define mechano-biology effect on the aggregate expansion, and are called motility parameters; -R N ,R T andR out (i.e. the dimensionless radii of the necrotic core, of the MCTS and the whole domain, respectively) define the geometrical properties of the system with respect to the diffusive length l c , and are denoted as size parameters.
In particular, the dimensionless parameter β represents the ratio between the energy associated to the expansion of the MCTS due to the "growth" cues (i.e. chemotaxis and proliferation ) and the energy associated to the diffusion of nutrients. On the other hand, the parameter σ is the ratio between the energy associated to the expansion related to "mechanical" cues (i.e. related to the permeability of the medium and the surface tension and viscosity of the cellular material, described as a newtonian fluid) and the energy associated to the diffusion of nutrients.
Linear stability analysis of the quasi-static solution
In this Section, we first derive the quasi-static solution of the proposed model in order to mimic the early avascular growth. We later perform a linear stability analysis to investigate the occurrence of a morphological instability at later growth stages.
Quasi-stationary solution
At early stages of avascular growth MCTS maintain a spherical shape 1,3,5 . Thus, we look for a radially symmetric quasi-stationary solution, assuming that the diffusive process is much faster than the MCTS expansion, so that it is possible to drop the time derivative in Eq. (11a). This assumption is valid in many biological conditions, since a fast-growing tumour may expand at a rate of up to 0.5 mm/day, whereas a typical diffusion time scale is about 1 min (considering a typical length scale L ≈ 10 −2 cm and a typical diffusion coefficient D ≈ 10 −6 cm 2 s −1 ) 11 . Thus, it is clear that the diffusion timescale of nutrients is much shorter than the growth timescale, so that the quasi-stationary assumption can be effectively formulated. Furthermore for such long time scale the MSC can be actually treated as a viscous fluid. Specializing our analysis to the case of a spherical tumour of radius R T , we will denote with n * = n * (r, t) the quasi-stationary solution of Eq. 11a and with p * = p * (r, t) the quasi-stationary pressure field satisfying (11b). Given the boundary conditions (11c)-(11d)-(11e) and considering that n * and p * should be bounded, the quasi-β=0.1 β=1 β=2 Figure 3 . Quasi-stationary solution of the proposed model, depicting the radius of the tumour over time for different values of the motility parameter β. At early stages the growth is exponential, as a consequence of the bulk availability of nutrients. At later stages, the growth law is almost linear, reflecting the higher nutrient concentration on the outer surface of the growing spheroid.
stationary fields read
where we called n * R T = n * (R T ) the concentration of the nutrient at the boundary of the aggregate and we defined w + T = (R out − R T + 1) and w − T = (R out − R T − 1), being w T = (R out − R T ) the width of the region occupied by the tumour. Then, using Eq. (11f), It is possible to compute the quasi-stationary velocity of the front, which is directed along the radial direction for symmetry considerations, i.e. v * = v * r e r , with
. (14) Equation (14) can be integrated numerically to determine the evolution of the spheroid border over time. The result, reported in Fig. 3 for different value of the parameter β, highlights the existence of an initial phase in which the growth of the aggregate is nearly exponential and a subsequent one in which the expansion of the tumour is almost linear, as observed in 32 .
Perturbation of the quasi-stationary solution
In this paragraph, we investigate the stability of the steady, radially-symmetric solution by applying small perturbations of the MCTS boundary.
Let R * T be the unperturbed position of the moving interface, we consider a small perturbation (ε 1) of the kind
where λ ∈ R is the amplification rate (or time-growth rate) of the perturbation and Y m (θ, ϕ) is the spherical harmonic of degree and order m, with m ∈ N, ∈ N + and |m| ≤ . The spherical harmonics Y m (θ, ϕ) form a complete set of orthonormal functions and thus any square-integrable function can be expanded as a linear combination of spherical harmonics. For physical consistency, the variations of n and p from the quasi-stationary solutions n * and p * should be in the form
Using Eq. (11a) and the relation ∇ 
where primes denote derivatives on r and
where i (r) and k (r) are the modified spherical Bessel function of the first and second kind, respectively, evaluated in r. The coefficients A 1 , A 2 , B 1 , B 2 , C 1 appearing in the expression of n 1 (r) can be determined imposing the incremental boundary conditions for the concentration field (11c), (11d) and (11e), being
The perturbed pressure field p 1 in Ω T is obtained from Eq.(11b) that leads to
where the constants Q and W can be determined from the boundary conditions on the pressure field (11c) and (11d), considering only the first order terms, i.e.
Finally, from Eq. (10) it is possible to obtain the following dispersion equation
which has the same form of the relation found for the rectilinear front on an infinite domain 56 or an expanding circular colony 57, 58 . The dispersion equation (24) is an implicit function of the time-growth mode λ and the spherical harmonic degree , depending on the five dimensionless parameters β i , σ, R N , R * T and R out . Interestingly, λ does not depend on the azimuthal component of the model solutions Y m (φ, θ), i.e. the solutions are independent of the order m, as observed also in previous works based on different models 15, 50 .
Results and Discussion
The dispersion equation (24) has been solved numerically in order to investigate the global stability of the solutions depending on the system parameters. The corresponding dispersion diagrams are reported in Fig. 4 for different values of both the size and the motility parameters. As in classical perturbation theory 59 , a positive real part of the growth rate λ implies global instability, thus highlight a critical spatial mode of the perturbation defined by the degree associated with the highest positive growth rate. Interestingly, Fig. 4 shows that the spheroid front is linearly unstable at small , with = 1 being always unstable. Indeed, whilst for a spheroid growing inside an infinite homogeneous domain with constant chemical concentration, one would expect to find λ = 0 for = 1, due to translational symmetry 11,15,50 , we must remind that in our case, due to the presence of the external environment the translational symmetry is no longer preserved. Furthermore, the dispersion diagrams in Fig. 4 also indicate the emergence of a characteristic mode different from = 1 in the cases of bigger size parameters (see Fig. 4-a) , as well as of small values of the motility parameters σ (see Fig. 4 -c) and β (see Fig. 4-d) . Interestingly, the characteristic mode is not significantly affected by varying only the dimension of the external domain, while keeping the necrotic radius R N and the initial tumour radius R T fixed (Fig. 4-b) Moreover, whether the range of unstable modes is highly influenced by the sizes parameters and by the motility parameter σ (Fig. 4-a-c) , it is not deeply influenced by variations of R out and β (Fig. 4-b-d) . Indeed as either the size of the domains decreases (Fig. 4-a) or σ increases, the range of unstable modes decreases, up to a range where only = 1 is unstable. The dependency on the size of the domains states that smaller diffusive lengths (i.e. smaller diffusion coefficient or higher absorption rate of the nutrients) lead to highly irregular contours during the growth of the tumour. On the other hand, the effect on the mechanical parameter σ on the dispersion diagram shows that, as expected, the surface tension σ b , along with an high permeability of the surrounding porous environment k act a stabilizing effect on the front (see Fig. 4-c) , whereas the viscosity of the tumour cluster destabilize the border of the MCTS leading to more aggressive tumours. As β settles the velocity of the quasi-stationary moving front (see Eq. (14)), the dispersion diagram in Fig. 4-d shows that the tumour developed highly irregular contour only in the case of slowly-moving front (i.e. small chemotactic coefficient and proliferation), since for fast moving front the characteristic mode decrease, until only = 1 is unstable. Moreover, it is interesting to consider the role played by the radius of the growing tumour in the development of instabilities, while keeping all the other parameters fixed (see Fig. 5 ). Fig. 5-a reports the results for a set of parameters R out , R N , β and σ for which, independently from R T , the most unstable mode is always = 1. This situation corresponds to a sort of translation of the spheroid inside the domain (see Fig. 5-a on the right) . On the other hand, the characteristic mode depends on the MCTS size in a certain range of material parameters (see Fig. 5-b ) . Indeed, it increases for increasing R T , so that bigger tumours show more irregularities at their border. Therefore, a growing MCTS can undergo a morphological transition that may significantly affect the invasion pattern towards the typical finger-like structures observed for invasive carcinomas (see Fig. 5-b) .
Finally, Figure 6 depicts the perturbed pressure and velocity fields for a linearly unstable perturbation, given by a spherical harmonic of the kind Y 6 10 (θ, ϕ). The highest variation of the pressure is located in a thin shell closer to the interface of the tumour, so that in the bulk of the tumour the velocity is almost null. In the region just at the rear of small protrusions (due to the perturbation of the boundary), the pressure field increases, so that the velocity at the border of the MCTS where a protrusion form, for the unstable modes (such as the one reported in figure) , is higher than the velocity in the invagination on the contour. Furthermore, from the perturbed field it is possible to appreciate small negative radial velocities in the bulk, just at the rear of the region where protrusion forms. Thus, while the spheroid surface moves outward, some cells inside the cluster move inward. This result confirms the existence of a radial convergent flow, in addition to the divergent flow that makes the aggregate expand, as pointed out in 60, 61 . This effect combined with the higher velocity associated to the protrusion border could explain the possible detachment of carcinoma cells that lead to metastasis and thus the higher invasivity of tumours with irregular contours.
Conclusions
In this work we have presented a continuum model for describing the avascular growth of a multicellular tumour spheroid, comprising a fixed necrotic core surrounded by a region of proliferative cells, guided by the uptake of a diffusing nutrient. The proposed model encapsulates the diffusion of a chemical species from the vasculature of the healthy region and the tumour cell response to nutrients, via their proliferation and their chemotactic migration inside the extracellular space. The proposed model differs from existing approaches 2,49,50 since it considers a growth though a rigid, porous surrounding material. Moreover, the MCTS expansion is guided not only by cell proliferation as in 2, 49, 50 , but also by the chemotactic motion of
Varying β
Varying R out R T =10, R N =5, σ=0.01, β=1
Varying sizes R T /R N =2, R out /R T =5, β= 1, σ=0.01
σ=0.01 σ=0.1 σ=1 σ=10 β=0.1 β=1 β=5 β=10 cells, through a non-convective mass flux term. Differently from 2, 50 , that assumed a Gibbs-Thompson relation 62 on the moving boundary for the chemical potential, we considered a mechanical effect in term of a surface tension at the MCTS outer boundary, leading to the Young-Laplace equation at the interface. The proposed model is governed by five dimensionless parameters: two of them, β and σ are called motility parameters and representing the mechano-biology cues, the other three are denoted size parameters and are related to the typical sizes of the domains with respect to the diffusive length. The analytic results predicted the existence of a quasi-stationary radially-symmetric tumour configuration that is always linearly unstable to asymmetric perturbations involving spherical harmonics Y m (θ, φ), with the range of the unstable modes depending on the dimension of the domain with respect to the diffusive length and on the motility parameter β, related to the chemotactic growth of the tumour. We remark that, whilst a MCTS growing inside an infinite homogeneous domain is marginally stable, i.e. λ = 0 for = 1 11, 15, 50 , the proposed model is always linearly unstable, since translational symmetry is broken by considering a finite dimension of the surrounding media. Furthermore, differently from existing works 2, 8, 9, 14, 15, 17 , the perturbation analysis is conducted here without neglecting the diffusion timescale in the unstable growth rate. The analysis of the perturbed field also pointed out a possible mechanism that could lead to the detachment of metastasis from the primary tumour mass, based on the R out =50, R N =1, β= 1, σ=0.01 R out =10, R N =1, β= 1, σ=0.01 development of higher velocity at the border of the MCTS and a convergent flow inside where protrusions form. This mechanism could explain why the propensity for asymmetric invasion and the installation of irregular morphology characterize the growth of aggressive carcinomas in vivo. Thus, this approach has the potential to foster our understanding on the process of transition from the benign to the aggressive tumour stage and might provide also some indications for improving therapeutic treatments. Indeed, more blurred and irregular contours detected in vivo can be related to more malignant tumour, with respect to smoother and clearer contours that can be associated to benign carcinomas. However, the present model considers a really simplified geometry and adopts some simplifications in order to obtain a model that can be studied analytically. Thus, future improvements of the proposed mathematical model should focus on the explicit description of quiescent cell region (that in the present model corresponds to the region of the spheroid in which we have an almost null velocity) and on tracking the evolution of the inner necrotic core, occurring, for instance, when the nutrients concentration attains a specific value 2,12 (whereas in the present work the fixed radius R N of the necrotic core is a parameter in the sensitivity analysis). From the modelling point of view, future studies should consider the effect of solid mechanical stresses on the growth dynamics of tumours 32, 61, [63] [64] [65] [66] . In particular the contribution of the mechanical properties of the host tissue to the growth and state of stress of the tumour and to the evolution of necrotic region 67 should be analysed. Furthermore, the stability analysis can be enriched by considering the weakly nonlinear interactions of the asymmetric modes, as well as their evolution depending on the order m of the spherical harmonic perturbation (as done for example in 15 in a simplified case). Finally, numerical techniques should be developed in order to simulate the fully nonlinear evolution of the morphological transition. In conclusion, this work demonstrates that geometric and mechano-biological cues can determine the occurrence of a morphological transition in growing tumours that can promote invasiveness. The theoretical results push towards the developments of further biological experiments for accurate measures of the surface tension and interstitial pressure within MCTS 55, 68 , as well as growth and mobility properties of the tumour cells. Indeed, the integration of mathematical tools in biological research could be crucial for estimating the tumour's ability to invade its host environment.
